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It is shown that the supersymmetric extension of the Stelle-West formalism permits the construc-
tion of an action for (3 + 1)-dimensional N = 1 supergravity with cosmological constant genuinely
invariant under the OSp(4/1). Since the action is invariant under the supersymmetric extension of
the AdS group, the supersymmetry algebra closes off shell without the need for auxiliary fields.
The limit case m → 0, i.e.(3 + 1) -dimensional N = 1 supergravity invariant under the Poincare´
supergroup is also discussed. PACS number(s): 04.65. +e
PACS numbers:
I. INTRODUCTION
In recent years it has been shown that in odd-
dimensional supergravities [1], [2]: the fundamental field
is always the connection A and, in their simplest form,
these are pure Chern-Simons systems. In contrast with
the standard cases, the supersymmetry transformations
close off-shell without auxiliary fields.
The Chern-Simons construction fails in even-
dimensions for the simple reason that there has not been
found a characteristic class constructed with products of
curvature in odd dimensions. This could be a reason why
the construction of a (super)gravity in even dimensions
invariant under the (anti) de Sitter group has remained
as an interesting open problem.
It is the purpose of this paper to show that the su-
persymmetric extension of the Stelle-West formalism [3],
which is an application of the theory of nonlinear re-
alizations to gravity, permits constructing a (3 + 1) -
dimensional supergravity off-shell invariant under the
(anti) de Sitter group. Applications of the theory of non-
linear realizations to supergravity has been carried out by
Chang and Mansouri [4], and by Gu¨rsey and Marchildon
[5]. These authors considered a nonlinear realization of
the OSP (1, 4) in the context of the spontaneous break-
down of supergravity. Unlike the present work, they iden-
tified the corresponding coset parameters with the points
of space-time itself.
In the present work, the Goldstone fields represent a
point in an internal anti-de Sitter space. In describing
the geometry of this internal space, we make use of some
of the results of ref. [6] on the nonlinear realization of
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supersymmetry in anti-de Sitter space.
An important stimulus for the interest in the construc-
tion of a supergravity invariant under the AdS superalge-
bra has come from recent developments in M theory [7].
In particular, Some of the expected features of M-theory
are (i) its dynamics should somehow exhibit a superalge-
bra in which the anticommutator of two supersymmetry
generators coincides with the AdS superalgebra in eleven
dimensions [9], (ii) the low-energy regime should be de-
scribed by an eleven dimensional supergravity of a new
type which should stand on a firm geometric foundation
in order to have an off-shell local supersymmetry [10]
The paper is organized as follows: In sec.II, we shall
review some aspects of the torsion-free condition in su-
pergravity with cosmological constant. The Supersym-
metric extension of the Stelle-West formalism is carried
out in sec.III where the principal features of the nonlin-
ear realizations are reviewed and the nonlinear fields vier-
bein, spin connection and gravitino are derived. An ac-
tion for supergravity genuinely invariant under the AdS
superalgebra is constructed in sec. IV , and its corre-
sponding field equations as well as the limit m → 0 are
discussed. Section V concludes the work with a look
forward to applications of the present results to super-
gravity in higher dimensions. Some technical details on
the calculations are presented in the Appendix.
II. N = 1 SUPERGRAVITY
In this section we shall review some aspects of the
torsion-free condition in supergravity.
A. The torsion-free condition in N=1 supergravity
Supergravity is the theory of the gravitational field in-
teracting with a spin 3/2 Rarita Schwinger field [11], [12],
2[13]. In the simplest case there is just one spin 3/2 Ma-
jorana fermion, usually called the gravitino ψ. The cor-
responding action is
S =
∫
εabcde
aebRcd + 4ψγ5e
aγaDψ (1)
where, ea is the 1-form vielbein, ωab is the 1-form spin
connection, and Dψ = dψ − 12 ω
abγabψ is the Lorentz
covariant derivative.
D = 3+1, N = 1 supergravity is based on the Poincare´
supergroup whose generators Pa, Jab, Q
α satisfy the fol-
lowing Lie-superalgebra:
[Pa, Pb] = 0
[Jab, Pc] = i (ηacPb − ηbcPa)
[Jab, Jcd] = i (ηacJbd − ηbcJad + ηbdJac − ηadJbc)
[Jab, Qα] = i (γab)αβ Qβ
[Pa, Qβ] = 0
[
Qα, Qβ
]
= −2 (γa)αβ Pa. (2)
Working in first order formalism, the gauge fields ea,
ωab, ψ are treated as independent. The key observation is
that (ea, ωab, ψ), considered as a single entity, constitute
a multiplet in the adjoint representation of the Poincare
supergroup. That is, we can write:
A = AATA =
1
2
iωabJab − ie
aPa + ψQ (3)
where A is the gauge field of the Poincare´ supergroup,
Pa, Jab, Q
α being the generators of the Poincare transla-
tions, of the Lorentz transformations and of the super-
symmetry, respectively. Hence supergravity is the gauge
theory of the Poincare´ supergroup.
The field strength associated with AA is defined as the
Poincare´ Lie superalgebra-valued curvature 2-form RA.
Splitting the index A, we get
Rab = dωab − ωacω
cd (4)
∧
T
a
= T a −
1
2
ψ γaψ (5)
ρ = Dψ. (6)
The associated Bianchi identities are given by
DRab = 0 (7)
DT a +Rabeb − i ψ γ
aρ = 0 (8)
Dρ+
1
4
Rabγabψ = 0. (9)
However, although AA ≡ (ea, ωab, ψ) is a Yang Mills
potential and RA ≡ (Rab,
∧
T
a
, ρ) the corresponding field
strength, the action (1) is not of the Yang-Mills type.
The main differences between an action of the Yang-Mills
type and the action (1)are: (i) a Yang-Mills action is in-
variant under the whole gauge group of which the AA
are the Lie superalgebra valued potentials; (ii) the ac-
tion (1), instead, is not invariant under the whole gauge
supergroup, but only under the Lorentz transformations.
The invariance under Lorentz gauge transformations is
manifest. To show the non invariance of (1) both under
a supergauge translation and under supersymmetry we
recall that, under any gauge transformation, the gauge
connection AA transforms as
δA = −Dλ = dλ− [A, λ] (10)
with
λ =
1
2
iκabJab − iρ
aPa + εQ (11)
Using the algebra (2) we obtain that ea, ωab, and ψ,
under Poincare` translations, transform as
δea = Dρa; δωab = 0; δψ = 0; (12)
under Lorentz rotations, as
δea = κabe
b; δωab = Dκab; δψ = −
1
2
κabγabψ; (13)
and under supersymmetry transformations, as
δea = −2iεγaψ; δωab = 0; δψ = Dε. (14)
The action (1) is invariant under diffeomorphism, and
under local Lorentz rotations , but it is not invariant
under neither Poincare translations nor supersymmetry.
In fact, under local Poincare translations
δSpt = 2
∫
εabcdR
ab
(
T c −
1
2
ψγcψ
)
ρd + surf. term
δS = 2
∫
εabcdR
ab
∧
T
c
ρd + surf. term. (15)
3Under local supersymmetry transformations
δSsusy = −4
∫
εγ5γaDψ
∧
T
a
+surf. term. (16)
Thus the invariance of the action requires the vanishing
of the torsion
∧
T
a
= 0. (17)
This means that the connection is no longer an indepen-
dent variable. Rather, its variation is given in terms of
δea and δψ, and differs from the one dictated by group
theory. An effect of the supertorsion-free condition on
the local Poincare´ superalgebra is that all commutators
on ea, ψ close except the commutator of two local su-
persymmetry transformations on the gravitino. For this
commutator on the vierbein one finds
[δ (ε1) , δ (ε2)] e
a =
1
2
ε2γ
aDε1−
1
2
ε1γ
aDε2 =
1
2
D (ε2γ
aε1) .
(18)
With ρa = 12ε2γ
aε1, we can write
[δ (ε1) , δ (ε2)] e
a = Dρa. (19)
This means that, in the absence of the torsion-free condi-
tion, the commutator of two local supersymmetry trans-
formations on the vierbein is a local Poincare´ translation.
However, the action is invariant by constructio´n under
general coordinate transformations, but not under local
Poincare´ translation. The general coordinate transforma-
tion and the local Poincare´ translation can be identified
if we impose the torsion-free condition: since ρa = ρνeaν
we can write
Dµρ
a = (∂µρ
ν) eaν + ρ
ν
(
∂νe
a
µ
)
+
1
2
ρν
(
ψµ γ
aψν
)
+ρνωabν eµb + ρ
νT aµν . (20)
This means that, if T aµν = 0, then the following commu-
tator is valid:
[δQ (ε1) , δQ (ε2)] = δGCT (ρ
µ) + δLLT
(
ρµωabµ
)
+δQ
(
ρν ψν
)
(21)
where we can see that P in {Q,Q} = P, i.e. lo-
cal Poincare´ translation, is replaced by general coordi-
nate transformations besides two other gauge symme-
tries. The structure constants defined by this result are
field-dependent [13], which is a property of supergravity
not present in Yang-Mills Theory .
The commutator of two local supersymmetry transfor-
mations on the gravitino is given by
[δ (ε1) , δ (ε2)]ψ =
1
2
(σabε2)
[
δ (ε1)ω
ab
]
−
1
2
(σabε1)
[
δ (ε2)ω
ab
]
. (22)
The condition
∧
T
a
= 0 leads to ωab = ωab(e, ψ) which
implies that the connection is no longer an independent
variable, and its variation δ (ε)ωab is given in terms of
δ (ε) ea and δ (ε)ψ. Introducing δ (ε)ωab(e, ψ) into (22)
we see that, without the auxiliary fields, the gauge al-
gebra does not close, as shows the eq. (10) of ref.[13].
Therefore the condition
∧
T
a
= 0 not only breaks local
Poincare invariance, but also the supersymmetry trans-
formations.
B. The torsion-free condition in N = 1 supergravity
with cosmological constant
The action for supergravity with cosmological constant
is given by [14]
S =
∫
εabcdR
abeced + 4ψγ5γaDψe
a
+2α2εabcde
aebeced + 3αεabcdψγ
abψeced (23)
where, ea is the 1-form vielbein, ωab is the 1-form spin
connection, and Dψ = dψ − 12 ω
abγabψ is the Lorentz
covariant derivative.
The anti de Sitter version of N = 1, D = 3 + 1 su-
pergravity is based on the graded extension of the AdS
group, i.e on the OSp(1/4) whose generators Pa, Jab, Q
α
satisfy the following Lie-superalgebra:
[Pa, Pb] = −im
2Jab
[Jab, Pc] = i (ηacPb − ηbcPa)
[Jab, Jcd] = i (ηacJbd − ηbcJad + ηbdJac − ηadJbc)
[Jab, Qα] = i (γab)αβ Qβ
[Pa, Qα] = −
i
2
m(γa)αβQβ
[
Qα, Qβ
]
= −2 (γa)αβ Pa − 2m(γ
ab)αβJab. (24)
Working in first order formalism, the gauge fields ea,
ωab, ψ are treated as independent. The key observation
is that (ea, ωab, ψ), considered as a single entity, consti-
tute a multiplet in the adjoint representation of the AdS
supergroup. That is, we can write:
A = AATA =
1
2
iωabJab − ie
aPa ++ψQ (25)
4where A is the gauge field of the AdS supergroup,
Pa, Jab, Q
α being the generators of the AdS boosts, of
the Lorentz transformations and of the supersymmetry
transformations, respectively. Hence supergravity with
cosmological constant is the gauge theory of the AdS su-
pergroup.
The field strength associated with AA is defined as the
Poincare´ Lie superalgebra-valued curvature 2-form RA.
Splitting the index A, we get
R
ab
= Rab + 4α2eaeb + α ψ γabψ. (26)
∧
T
a
= T a −
1
2
ψ γaψ (27)
ρ = Dψ − αγaψe
a. (28)
The associated Bianchi identities are given by
DRab − 8α2T aeb + 2α ψ γabρ = 0 (29)
DT a +Rabeb − i ψ γ
aρ = 0 (30)
Dρ− iαγaψT
a −
1
4
Rabγabψ = 0. (31)
However, although AA ≡ (ea, ωab, ψ) is a Yang Mills
potential and RA ≡ (Rab,
∧
T
a
, ρ) the corresponding field
strength, action (23) is not of the Yang-Mills type. The
main differences between an action of the Yang-Mills type
and the action (23)are: (i) a Yang-Mills action is invari-
ant under the whole gauge group of which the AA are the
Lie superalgebra valued potentials; (ii) the action (23),
instead, is not invariant under the whole gauge super-
group, but only under the Lorentz transformations.
The invariance under Lorentz gauge transformations is
manifest. To show the non invariance of (23) both under
a supergauge translation and under supersymmetry we
recall that, under any gauge transformation, the gauge
connection AA transforms as
δA = −Dλ = dλ− [A, λ] (32)
with
λ =
1
2
iκabJab − iρ
aPa ++εQ. (33)
Using the algebra (24) we obtain that ea, ωab, and ψ,
under AdS boosts, transform as
δea = Dρa; δωab = m2(ρaeb − ρbea); δψ = 0; (34)
under Lorentz rotations, as
δea = κabe
b; δωab = Dκab; δψ = −
1
2
κabγabψ; (35)
and under supersymmetry transformations, as
δea = −2iεγaψ; δωab = 0; δψ = Dε. (36)
The action (23) is invariant under diffeomorphism and
under local Lorentz rotations, but it is not invariant un-
der neither AdS boosts translations nor local supersym-
metric transformation.
In fact, under local Poincare translations
δSAdS = −2
∫
εabcdR
ab ∧
T
c
ρd + surf. term (37)
and under local supersymmetry transformations
δSsusy = −4
∫
εγ5γaDψ
∧
T
a
+surf. term.
Thus the invariance of the action requires the vanishing
of the torsion
∧
T
a
= 0. (38)
This means that the connection is no longer an inde-
pendent variable. Rather, its variation is given in terms
of δea and δψ, and differs from the one dictated by
group theory. The condition
∧
T
a
= 0 not only breaks local
Poincare invariance, but also the supersymmetry trans-
formations.
III. SUPERSYMMETRIC EXTENSION OF THE
STELLE-WEST FORMALISM
The basic idea of the Stelle-West (SW ) formalism is
founded on the mathematical definition [15],[3] of the
vielbein V a. This vielbein, also called solder form [16],
was considered as a smooth map from the tangent space
to the space-time manifold M at a point P with coor-
dinates xµ, and the tangent space to the AdS internal
space at the point whose AdS coordinates are ξa(x), as
the point P ranges over the whole manifoldM. The fig.1
of ref. [3] illustrates that such a vielbein V aµ (x) is the ma-
trix of the map between the space Tx(M) tangent to the
space-time manifold at xµ, and the space Tξ(x) ({G/H}x)
tangent to the internal AdS space {G/H}x at the point
ξa(x), whose explicit form is given by eq.(3.19) of ref. [3].
In this section we consider the supersymmetric extension
of the Stelle-West formalism
A. Non-linear realizations of supersymmetry in
AdS space
The non-linear realizations in de Sitter space can be
studied by the general method developed in ref. [17],
5[18]. Following these references, we consider a Lie (su-
per)group G and a subgroup H.
Let us call {Vi}
n−d
i=1 the generators of H . We assume
that the remaining generators {Al}
d
l=1 can be chosen so
that they form a representation of H. In other words,
the commutator [Vi,Al] should be a linear combination
of Vi alone. A group element g ∈ G can be represented
(uniquely) in the form
g = eξ
l
Alh (39)
where h is an element of H. The ξl parametrize the coset
space G/H. We do not specify here the parametrization
of h. One can define the effect of a group element g0 on
the coset space by
g0g = g0(e
ξlAlh) = eξ
′l
Alh′ (40)
or
g0e
ξlAl = eξ
′l
Alh1 (41)
where
h1 = h
′h−1 (42)
ξ′ = ξ′(g0, ξ)
h1 = h1(g0, ξ).
If g0 − 1 is infinitesimal, (41) implies
e−ξ
l
Al (g0 − 1) e
ξlAl − e−ξ
l
Alδeξ
l
Al = h1 − 1. (43)
The right-hand side of (43) is a generator of H.
Let us first consider the case in which g0 = h0 ∈ H.
Then (41) gives
eξ
′l
Al = h0e
ξlAlh−10 (44)
Since the Al form a representation of H, this implies
h1 = h0; h
′ = h0h. (45)
The transformation from ξ to ξ′ given by (44) is linear.
On the other hand, consider now
g0 = e
ξl
0
Al . (46)
. In this case (41) becomes
eξ
l
0
Aleξ
l
Al = eξ
′l
Alh. (47)
This is a non-linear inhomogeneous transformation on ξ.
The infinitesimal form (43) becomes
e−ξ
l
Alξi0Aie
ξjAj − e−ξ
l
Alδeξ
i
Ai = h1 − 1. (48)
The left-hand side of this equation can be evaluated, us-
ing the algebra of the group. Since the results must be a
generator of H , one must set equal to zero the coefficient
of Al. In this way one finds an equation from which δξ
i
can be calculated.
The construction of a Lagrangian invariant under
coordinate-dependent group transformations requires the
introduction of a set of gauge fields a = aiµAidx
µ,
ρ = ρiµVidx
µ, p = plµAldx
µ, v = viµVidx
µ, associated
respectively with the generators Vi and Al. Hence ρ+ a
is the usual linear connection for the gauge group G, and
the corresponding covariant derivatives is given by:
D = d+ f(ρ+ a) (49)
and its transformation law under g ∈ G is
g : (ρ+a)→ (ρ′+a′) =
[
g(ρ+ a)g−1 −
1
f
(dg)g−1
]
(50)
where f is a constant which, as it turns out, gives the
strength of the universal coupling of the gauge fields to
all other fields.
We now consider the Lie algebra valued differential
form [17]
e−ξ
l
Al [d+ f(ρ+ a)] eξ
l
Al = p+ v. (51)
The transformation laws for the forms p(ξ, dξ) and
v(ξ, dξ) are easily obtained. In fact, using (46),(47) one
finds [6]
p′ = h1p(h1)
−1 (52)
v′ = h1v(h1)
−1 + h1d(h1)
−1. (53)
The equation (52) shows that the differential forms
p(ξ, dξ) are transformed linearly by a group element of
the form (46). The transformation law is the same as
by an element of H , except that now this group element
h1(ξ0, ξ) is a function of the variable ξ. Therefore any
expression constructed with p(ξ, dξ) which is invariant
under the subgroup H will be automatically invariant
under the entire group G, the elements of H operating
linearly on ξ, the remaining elements non-linearly.
We have specified the fields p and v as well as their
transformation properties, and now we make use of them
to define the covariant derivative with respect to the
group G:
D = d+ v. (54)
The corresponding components of the curvature two-form
are
T = Dp (55)
R = dv + vv. (56)
6B. Supersymmetric Stelle-West formalism
We now take as G the graded Lie algebra (24) having
as generators Qα, Pa and Mab. It has as a subalgebra H
that of the de Sitter group SO(3, 2) with generators Pa
and Mab. This, in turn, has as subalgebra L that of the
Lorentz group SO(3, 1) with generatorsMab. An element
of G can be represented uniquely in the form
g = eχQh = eχQe−iξ
aPa l (57)
where h ∈ H and l ∈ L. On can define the effect of a
group element g0 on the coset space G/H by
g0g = e
χ′Qh′ = eχ
′Qe−iξ
′aPa l′ (58)
or
g0e
χQ = eχ
′Qh1 (59)
h1e
−iξaPa = e−iξ
′aPa l1 (60)
l1l = l
′. (61)
Clearly h1 = h1(g0, χ) and l1 = l1(g0, χ, ξ).
If g0−1 and h1−1 are infinitesimals, (59),(60) implies
e−χQ (g0 − 1) e
χQ − e−χQδeχQ = h1 − 1 (62)
eiξ
a
Pa (h1 − 1) e
−iξaPa − eiξ
a
Paδe−iξ
a
Pa = l1 − 1. (63)
We consider now the following cases: If g0 = l0 ∈ L,
(59),(60) give
eχ
′Q = l0e
χQl−10 (64)
h1 = l1 = l0 (65)
e−iξ
′aPa = l0e
−iξaPa l−10 . (66)
Both χ and ξ transform linearly. If, on the other hand,
we know only that g0 = h0 ∈ H, in particular, if
g0 = e
−iρaPa (67)
is a pseudo-translation, (59) gives
eχ
′Q = h0e
χQh−10 (68)
h1 = h0 (69)
while (60) gives
h0e
iξaPa = e−iξ
′aPa l1(h0, ξ). (70)
In this case χ transforms linearly, but the transformation
law (70) of ξ under pseudo-translations is inhomogeneous
and non-linear. Infinitesimally
eiξ
a
Pa (−iρaPa) e
−iξaPa−eiξ
a
Paδe−iξ
a
Pa = l1−1. (71)
Finally, if
g0 = e
εQ (72)
is a supersymmetry transformation, one must use (59)
and (60 ) as they stand. Observe, however, that (60) has
the same form as (70) except for the fact that h1 is a
function of χ while h0 is not. Therefore, the transforma-
tion law of ξ under a supersymmetry transformation has
the same form as that under a de Sitter transformation
but, with parameters which depend in a well defined way
on χ.
An explicit form for the transformation law of ξa under
an infinitesimal AdS boost can be obtained from (71).
The result is
δξa = ρa +
(
z cosh z
sinh z
− 1
)(
ρa −
ρbξbξ
a
ξ2
)
(73)
where z = m
√
(ξaξa) = mξ.
The transformation of ξa under an infinitesimal
Lorentz transformation l0 = e
i
2
κabJab is
δξa = κabξb (74)
and, under local supersymmetry transformation (72), ξa
transform as
δξa = i
(
1 +
i
6
mχχ
)
εγaχ
+i
(
z cosh z
sinh z
− 1
)(
δab −
ξbξ
a
ξ2
)(
1 +
i
6
mχχ
)
εγbχ
−2im
(
1 +
i
6
mχχ
)
εγabχξb. (75)
Using (62) with g0 − 1 = εQ, one finds that
δχ = ε−
i
6
m
(
5χχ+ χΓAχΓ
A
)
ε+
1
9
m2 (χχ) ε (76)
h1 − 1 =
(
1 +
i
6
mχχ
)(
εγaχPa +mεγ
abχJab
)
.
From (25) we know that the linear connections are
given by (ea, ωab, ψ). Then, based on these, we can define
7the corresponding non-linear connections (V a,W ab,Ψ)
from (51):
1
2
iW abJab − iV
aPa +ΨQ
= eiξ
a
Pae−χQ
[
d+
1
2
iωabJab − ie
aPa + ψQ
]
eχQe−iξ
b
Pb .
(77)
The corresponding transformation laws for V a,W ab,Ψ
can be obtained from (52),(53). In fact, one can verify
that, under the AdS supergroup, the non-linear connec-
tions transform as:
Ψ
′
Q = h1
(
ΨQ
)
(h1)
−1 (78)
−iV ′aPa = h1 (−iV
aPa) (h1)
−1 (79)
1
2
iW ′abJab = h1
(
1
2
iW abJab
)
(h1)
−1+h1d(h1)
−1. (80)
The nonlinearity of the transformation with respect
to the elements of G/H means that the labels associ-
ated with the parts of the algebra of G which generate
G/H are no longer available as symmetry indices. In
other words, the symmetry has been spontaneously bro-
ken from G to H . An irreducible representation of G
will, in general, have several irreducible pieces with re-
spect to H. Since, in constructing invariant actions, one
only needs index saturation with respect to the subgroup
H , as far as the invariance is concerned it is possible to
select a subset of nonlinear fields with respect toG, which
form irreducible multiplets with respect to H.
Note that, if G = OSp(1, 4) and H = SO(3, 1), the
gauge fields V a form a square 4 × 4 matrix which is in-
vertible and can be identified with the vierbein fields. In
the same way we have that W ab is a connection and Ψ
can be identified with the Rarita-Schwinger field. These
fields can be obtained from (77). The details of the cal-
culation of V a,W ab,Ψ are given in the Appendix; the
result is
V a = Ω [cosh z]
a
b e
b+Ω
[
sinh z
z
]a
b
Dζb+i
(
1−
i
6
mχχ
)
·
·{
[
χγbdχ+ 2ψγbχ
]
Ω [cosh z]
a
b
−2mξb
[
χγbdχ+ 2ψγbχ
] sinh z
z
}
−
i
2
[
1−
i
12
(χγfχ)γf +
i
6
(χγfgχ)γfg
] (
γcdω
cd − imγce
c
)
·
·
[
(χγbχ)Ω [cosh z]
a
b + 2m(χγ
abχ)ξb
sinh z
z
]
(81)
where
Ω(A)ab = Aδ
a
b + (1−A)
ξbξ
a
ξ2
(82)
W ab = ωab +m2[
(
ξaeb − ζbea
) sinh z
z
−m2
(
ζaDζb − ζbDζa
) (cosh z − 1)
z2
]
−2im(1−
i
6
mχχ){2ψγabχ+mχγabdχ
+m
[
χγbdχ+ 2ψγbχ
]
ξa
sinh z
z
+2m2
[
χγcbdχ+ 2ψγcbχ
]
ξaξc
(cosh z − 1)
z2
}
+
1
2
im
[
1−
i
12
(χγfχ)γf +
i
6
(χγfgχ)γfg
] (
γcdω
cd − imγce
c
)
·
·
[
(χγabχ) +m(χγaχ)ξb
sinh z
z
+ 2m2(χγfbχ)ξf
(cosh z − 1)
z2
]
(83)
Ψ = {
[
1−
i
4
m
(
5χχ+ χΓAχΓ
A
)
−
5
24
m2(χχ)2
]
ψ
−
1
2
[1−
i
6
m(χγaχ)γa
+
i
3
m(χγabχ)γab]
(
γcdω
cd − imγce
c
)
χ
+[1−
i
12
m
(
5χχ+ χΓAχΓ
A
)
−
1
24
m2(χχ)2]dχ}e
1
2
mξdγd . (84)
We have specified the fields V a,W ab, and Ψ as well as
their transformation properties, and now we make use of
them to define a covariant derivatives with respect to the
group G:
D = d+W. (85)
The corresponding components of a curvature two-forms
are
T a = DV a (86)
Rab = dW
a
b +W
a
c W
c
b . (87)
8IV. SUPERGRAVITY INVARIANT UNDER
THE ADS GROUP
Within the supersymmetric extension of the Stelle-
West- formalism, the action for supergravity with cos-
mological constant can be rewritten as
S =
∫
εabcdR
abV cV d + 4Ψγ5γaDΨV
a
+2α2εabcdV
aV bV cV d + 3αεabcdΨγ
abΨV cV d (88)
which is invariant under (78), (79), (80). From such equa-
tions we can see that the vierbein V a and the gravitino
field transform homogeneously according to the represen-
tation of the AdS superalgebra but, with the nonlinear
group element h1 ∈ H.
The corresponding equations of motion are obtained by
varying the action with respect to ξa, χ, ea, ωab, ψ. The
field equations corresponding to the variation of the ac-
tion with respect to ξa and χ are not independent equa-
tions. Following the same procedure of Ref. [20], we
find that equations of motion for supergravity genuinely
invariant under Super AdS are:
2εabcdR
ab
V c + 4Ψγ5γdρ (89)
∧
T
a
= 0 (90)
8γ5γaρV
a − 4γ5γaΨ
∧
T
a
= 0 (91)
where
∧
T
a
= T a −
i
2
ΨγaΨ (92)
R
ab
= Rab + 4α2V aV b + αΨγabΨ = 0 (93)
ρ = DΨ− iαγaΨV a. (94)
A. Supergravity invariant under the Poincare´
group
Taking the limit m→ 0 in equations (24), (73), ( 75),
(76), (81), (83), (84) we find that the superalgebra (24)
take the form of the superalgebra of Poincare (2) and
that: the transformation laws of ξa under an infinitesi-
mal Poincare´ translation, under an infinitesimal Lorentz
transformation, and under local supersymmetry transfor-
mation are given respectively by
δξa = ρa (95)
δξa = κabξb (96)
δξa = iεγaχ; (97)
the transformation laws of χ under an infinitesimal
Poincare´ translation, under an infinitesimal Lorentz
transformation, and under local supersymmetry trans-
formation are given respectively by
δχ = 0 (98)
δχ = 0 (99)
δχ = ε. (100)
In this limit G = ISO(3, 1) and H = SO(3, 1) and the
fields vierbein V a, the connection W ab and the Rarita-
Schwinger field Ψ are given by
V a = ea +Dζa + i
(
2ψ +Dχ
)
γaχ (101)
W ab = ωab (102)
Ψ = ψ +Dχ (103)
where now
D = d+ ω. (104)
The corresponding components of the curvature two-form
are now
T a = DV a (105)
Rab = dω
a
b + ω
a
cω
c
b. (106)
The limit m → 0 of the action 88 is obviously the
action for N = 1 Supergravity in (3 + 1)-dimensions:
S =
∫
εabcdR
abV cV d + 4Ψγ5γaDΨV
a (107)
9which is genuinely invariant under the Poincare´ super-
group. In fact, it is direct to verify that the action (107)
is invariant under (95-100) plus the transformation law of
ea, ωab, ψ under infinitesimal Poincare´ translations, un-
der infinitesimal Lorentz transformations, and under lo-
cal supersymmetry transformations, which are given by
δωab = −Dκab; δea = κabe
b; δψ =
1
4
κabγabψ
δωab = 0; δea = Dρa; δψ = 0; δξa = −ρa
δωab = 0; δea = iεγaψ; δψ = Dε; δξa = 0.
The corresponding field equations are given by
2εabcdR
abV c + 4Ψγ5γdDΨ (108)
∧
T
a
= 0 (109)
8γ5γaDΨV
a − 4γ5γaΨ
∧
T
a
= 0 (110)
where
∧
T
a
= T a −
i
2
ΨγaΨ. (111)
In ref. [19] we have clamed that the successful formal-
ism used by Stelle-West and by Grignani-Nardelli [21] to
construct an action for (3+1)-dimensional gravity invari-
ant under the Poincare´ group can be generalized to su-
pergravity in (3 + 1)-dimensions. In fact, that is correct.
Using the vierbein of Stelle-West and Grignani-Nardelli,
one gets a supergravity action invariant under Poincare
translation. However the action of ref. [19] is not invari-
ant under supersymmetry transformations as we can see
from (16).
To obtain an action invariant both under Poincare
translations and under supersymmetry transformations,
we must carry out the supersymmetric extension of the
Stelle-West formalism. The correct vierbein, spin con-
nection, and gravitino field to construct a supergravity
action (see 107) genuinely invariant under the Poincare´
supergroup are given in equations (101), (102), (103).
V. COMMENTS AND POSSIBLE
DEVELOPMENTS
The main results of this work can be summarized as
follows:
(i) In order to construct a gauge theory of the super-
symmetric extension of the AdS group, it is necessary
to carry out the supersymmetric extension of the Stelle-
West-Grignani-Nardelli formalism.
(ii) The correspondence with the usual N = 1 super-
gravity with cosmological constant formulation has been
established by giving the expressions, in terms of the
gauge fields, of the spin connection, the vierbein, and
the gravitino. These fields are given by complicated ex-
pressions involving ξa, χ, ψ, ωab and ea.
(iii) An action for (3 + 1)-dimensional N = 1 super-
gravity with cosmological constant genuinely invariant
under the supersymmetric extension of the AdS group
has been proposed. The corresponding equations of mo-
tion reproduce the usual equation for N = 1 supergravity
with cosmological constant.
Several aspects deserve consideration and many pos-
sible developments can be worked out. An old and
still unsolved problem is the construction of an eleven
dimensional supergravity off-shell invariant under the
supersymmetric extension of the AdS group (work in
progress). The construction of an action for supergrav-
ity in ten dimensions genuinelly invariant under the AdS
superalgebra, and its relation to eleven dimensional su-
pergravity, could also be of interest.
Another interesting issue is the connection between the
present paper and the supergravity in (3+1)-dimensions
obtained via dimensional reduction from five-dimensional
Chern-Simons supergravity (work in progress).
VI. APPENDIX
In this appendix, we discuss how to derive some of the
results given in the text, in particular the expressions for
V a,W ab,Ψ. We use the techniques of refs. [3],[6], which
we summarize here for convenience.
For any two quantities X and Y we define
[X,Y ] ≡ X ∧ Y (112)
X2 ∧ Y = [X, [X,Y ]] . (113)
• The expression f(X) ∧ Y is defined as a series of
multiple commutators, obtained by expanding the
function f(X) as a power series in X. It is direct
to verify that
g(X) ∧ [f(X) ∧ Y ] = [g(X)f(X)] ∧ Y. (114)
As a consequence, the equation
f (X) ∧ Y = Z (115)
can be solved for Y in the form
Y = [f (X)]
−1
∧ Z. (116)
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In particular, we have
eXY e−X = eX ∧ Y (117)
eXδe−X =
1− eX
X
∧ δX (118)
where δ is any variation.
When written in the above notation, eq. (71) become
eiξ
a
Pa∧(−iρaPa)−
1− eiξ
a
Pa
iξbPb
∧(iδξaPa) = l1−1. (119)
Since this is a Lorentz generator, we must evaluate the
AdS boost component of the left-hand side and set it
equal to zero; only commutators of even order contribute
to it. Therefore we must take the even powers of iδξaPa
of the functions occurring in (119). This leads to
δξaPa = ρ
aPa +
(
z cosh z
sinh z
− 1
)(
ρa −
ρbξbξ
a
ξ2
)
Pa.
(120)
In a similar way, we can make use of (62) with g0−1 =
εQ; one finds that
e−χQ ∧ (εQ)−
1− e−χQ
χQ
∧ (δχQ) = h1 − 1. (121)
Here there is a simplification: any power of χ higher
than four vanishes identically due to the anticommuting
property of the spinor component. Therefore we need
only
χQ ∧ εQ = −2mχγABεJAB (122)
(χQ)2 ∧ εQ = −
5
2
imχχεQ−
1
2
imχΓAχεΓ
AQ (123)
(χQ)3 ∧ εQ = 4im2χχχγABεJAB (124)
(χQ)4 ∧ εQ = −5m2(χχ)2εQ, (125)
where the five matrices
ΓA ≡ (γaγ5, γ5)
satisfy
ΓAΓB + ΓBΓA = 2ηAB
γAB =
1
4
[ΓA,ΓB]
2mγABJAB = 2γ
aPa − 2mγ
abJab
If one sets equal zero, in the left-hand side of (121),
the part with the even powers of χQ, one finds
cosh (χQ) ∧ εQ−
sinh (χQ)
χQ
∧ δχQ = 0. (126)
Using (115), we have
δχQ =
[
1 +
1
3
(χQ)2 −
1
45
(χQ)4
]
∧ εQ. (127)
If one now makes use of (122) to (125), one obtains
δχQ =
[
ε−
i
6
m
(
5χχ+ χΓAχΓ
A
)
ε+
1
9
m2 (χχ)2 ε
]
Q.
(128)
On the other hand, using (127), the part with the odd
powers gives
h1 − 1 =
(
1 +
i
6
mχχ
)(
εγaχPa +mεγ
abχJab
)
.
The nonlinear fields V a,W ab,Ψ are evaluated from
their definition ( 51), (77) following the same procedure
of ref. [3].
Acknowlegments (P.S) wishes to thank Herman
Nicolai for the hospitality in AEI in Golm bei Potsdam
and Deutscher Akademischer Austauschdienst (DAAD)
for financial support. SdC wishes to thank F. Mu¨ller-
Hoissen for the hospitality in G o¨ttingen where part of
this work was dones, and MECESUP FSM 9901 grant for
financial support. The support from grants FONDECYT
Projects N0 1000305 (SdC) and 1010485 (SdC and PS),
and by grants UCV-DGIP N0 123.752 (SdC), UdC/DI
N0 202.011.031-1.0 (PS) are also acknowledged. The au-
thors are grateful to Universidad de Concepcio´n for par-
tial support of the 2nd Dichato Cosmological Meeting,
where this work was started.
[1] M. Ban˜ados, R. Troncoso, J. Zanelli, Phys. Rev. D54
(1996) 2605
[2] R. Troncoso, J. Zanelli, Class. Quantum Grav. 17
(2000)4451.
[3] K. Stelle and P.West, Phys. Rev. D 21 (1980) 1466.
[4] l.N. Chang and F. Mansouri, Phys. Rev.D 17, 3168 (1978)
[5] F. Gu¨rsey and L. Marchildon, Phys. Rev.D 17, 2038
(1978)
[6] B. Zumino, Nucl. Phys. B 127, 189 (1977)
[7] E. Witten, Nucl. Phys. B 443, 85 (1995).
11
[8] J. Schwarz, Phys. Lett. B 367, 971 (1996).
[9] P. Townsend, hep-th/9507048.
[10] H. Nishino and S.J. Gates, Phys. Lett. B 388, 504 (1996).
[11] D.Z. Freedman, P. van Nieuwenhuizen an S. Ferrara,
Phys. Rev. D 13, 3214 (1976); S. Deser and B. Zumino,
Phys. Lett. B62 (1976) 335.
[12] D.Z. Freedman and P. Van Nieuwenhuizen, Phys. Rev.
D13 (1976) 3214.
[13] P. Van Nieuwenhuizen, Phys. Rep. 68 (1981) 189.
[14] P.K. Townsend, Phys. rev. D 15, 2802 (1977)
[15] S. Kobayashi and K. Nomizu, Foundations of Differential
Geometry, Volume 1, J. Wiley 1963, Chapter III.
[16] E. Witten, Nucl. Phys. B 311 (1988) 46.
[17] S. Coleman, J. Wess, B. Zumino, Phys. Rev. 177, (1969),
2239-2247; C. Callan, S. Coleman, J. Wess, B. Zumino,
Phys. Rev. 177, (1969), 2247-2250
[18] D.V. Volkov, Sov. J. Particles and Nuclei 4 (1973) 3 (Rus-
sian)
[19] P. Salgado, M. Cataldo and S. del Campo, Phys.Rev.D
65 (2002), 084032.
[20] P. Salgado, M. Cataldo and S. del Campo, Phys.Rev.D
66 (2002).
[21] G. Grignani, G. Nardelli, Phys. Rev.D 45, 2719 (1992)
